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Abstract

In image decompositions, one is interested in decomposing f into u+ v where v and
v have different features. In a variational approach, such a decomposition is achieved
by solving the following variational problem

(um)ér)l(leXQ {tFi(u) + F2(v) : f =u+ v},
where I} and F5 are positive functionals defined on some function spaces X; and X
respectively. Often the scale parameter ¢ is fixed a prior. In this paper, we address the
problem of selecting the scale parameter ¢ in a multiscale fashion, and introduce the
notion of interpolating scales that are stable with respect to the functional or energy
being minimized. The motivation is coming from Peetre’s K-functional in interpolation
theory.

1 Introduction

In image decompositions ([26], [22], [25], [4], [9], [17], [15], [14], among others), a given
image f is decomposed into w + v where u and v belong to some function spaces X3
and X, respectively. The choice of X7 and X5 determines the smoothing properties of
uw and v. In a variational approach, f is decomposed into u(t) + v(t) via the variational
problem
inf tFi(u)+ Fo(v): f=u+wv 1

LR+ Po(0) s = ko), 1)
for some parameter ¢ > 0. Here, F; and F> are positive functionals defined on some
function spaces X1 and X5 respectively. We are interested in the study of selecting the
parameter ¢ in the above minimization problem. For each ¢ > 0, suppose there exists
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(u(t),v(t)) € X1 x Xo that is a minimizer of (1). Then {u(t)}+>0 can be viewed as
a multi-scale representation of f and the above functional can be viewed as diffusion
(linear or nonlinear) process. The parameter ¢ is often referred to as the global scale
parameter. The study of scale parameters (local or global) in images has been shown to
be very useful as a tool for feature extraction with applications to object recognition,
image segmentation and decompositions, among others.

We first recall a few methods for extracting local features.

Definition 1 (Dilating Consistency Property). We say the local scales have the
dilating consistency property if the number of local scales of f at x is invariant under
dilation. Moreover, denote by T'f(x) the set of local scales of f at . Then it holds that

Ty, (x) ={0°t : t € Ty(x)}, for some s < 0. (2)

T. Lindeberg [18], [18], [19] represents u(t) as a convolution of the Gaussian kernel
K, with f. Special scale-space features are defined as the set consisting of points
(z,t) € R™ x R" such that t%(w,t) is a local max or local min. In [20], D. Lowe
developed the SIFT detector by incorporating the vector consisting of partial derivatives
of u at the scale-space feature locations. This detector has shown to be very effective
in distinguishing features and objects in images.

Brox-Weickert in [7] study local scales of f at = using the total variation flow, where
{u(t)}+>0 are solutions of the evolution equation

up = div(%), u(0) = f.

For each z € R™, they define the local scale m(x) of f at x (single scale) using the
average change of |J;u|. In other words,

2T

me(zr) = ————,
(@) T\ 0yl dt

where T' is a tuning parameter. They provide texture segmentation as an application
with very good segmentation results. However, there are two draw backs to this ap-
proach: The parameter T is user defined, and the dilating consistency property is not
satisfied. In some way, the local scales depend on the choice of T" which is a global
parameter.

In [27], Strong-Chan proposed to study scales using the Rudin-Osher-Fatemi diffu-
sion [26]. Fix a T' > 0, let w be the minimizer of J given by

) = [ 1Dl + 5211 f  ulf

Suppose f = xB,, where B is the ball of radius r centered at the origin. Let the scale
s(z) of x € B defined as

Bl sl
) = 5B, ™ el s ®)



Then it can be shown [27] that for small T (which depends on the G-norm of f [22])
the minimizer v has the same discontinuity set as f and for all x € B,,

Motivated from this example, the local scale of a general f at x is defined [27] as

B T
Julz) = f@)]

This definition of local scales depend on 7' (and hence u). The minimizer u can be
viewed as a ”denoised” shape that contains x.

In [21], Luo-et al study local scales by looking at a collection of embedding shapes
that contain z and look for a shape that is most contrasted. Then the local scale of f at
z is defined as in (3) replacing B, with the most contrasted shape. In other words, let
{fi(x), -+, fn(w)(z)} be a collection of shapes (connected components) that contain x
with the property that fi(z) C fit1(z) for alli =1,---,N(x). fi(z) is defined as the
connected component that contains x such that

s(z)

fi(z) C {xz € R": f(x) > \;}, for some A; > 0.

Denote by I(f;) = A, and define C(f;) = |I(fi+1) — I(f;)|- Then the most contrasted
shape containing x is defined as

f(z) = argmax C(f;).
fisi=1, ,N(z)

However as commented by the authors in [21], for natural images C(f;) is typically
equal to 1 in the presence of noise and blur. Thus, the most contrasted shape f (z)
is meaningless. To overcome this problem, they propose to sum up the contrasts of
shapes as follows. For ¢ > 1, the accumulated contrasts are recursively computed as

Gip(en = JCUia (@) + C(fil2)) if |fi(@)| = [fim1(2)| < TP(fi-1(2)),
C(fi(z)) { C(fi(x)) otherwise, "

where T is some fixed (global) parameter and P(f;) denotes the perimeter of the shape
fi- The relation

fi(@)| = [fima(2)] STP(fi-1(2)) (5)

is not invariant under dilation. In other words, if f is dilated by a factor § > 0, the
equation (5), applying to the dilated shapes, becomes (assuming in R?)

(fi(@)] = [fima(2)]) < (OT)P(fi-1(2)).

Note that the contrasts in the image is invariant under dilation. Thus the definition of
C(f;(x)) defined in (4) does not satisfy the dilating consistency property.

In these methods, one obtain a single meaningful scale at each location x. Realizing
that z may be embedded in multiple scales, P. Jones and the first author [16] recently
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propose a new method for extracting a vector of scales at each location x. This notion
of local scales is further characterized based on the visibility level of the scales and
their separation from other scales. The local scales of f at x is computed by measuring
the deviation of f from a linear function near x at different scales ¢’s. This multiscale
analysis is intimately related to the theory of wavelets. Let ¢(x) be any approximation
to the identity. In particular, consider

bl = e
Here we have [p, ¢(z) de = 1. For each t > 0, define

2
=]

Kilw) = 2w/ V) = (1) /2 ™F
Let ¢ (z) = t%, x € R", and define

S(w.t) =i @) = [ nla = )1w) d. (©

Since 1); has zero mean and zero first moments, we see that if f is linear, then S f(x,t) =
0 for all £ > 0 and = € R™. Thus the quantity |Sf(z,?)| measures how f deviates from
a linear function of scale t near x. Note that Sf is invariant under addition by a linear
function. The local scales of f at x are defined as the set Ty(x) consisting of t > 0
such that |Sf(z,t)| is a local maxima. It can be shown that the set of local scales
Ty(x) satisfies the dilating consistency property. This notion of local scales is further
characterized based on the visibility level of the scales and their separation from other
scales.
Passing from local to global, one can consider the global Sf defined by

ou

; , for some 1 < p < o0, (7)

Lp

SFE) = [y * F(@)llr = \

or using some weighted LP spaces. Now the global scales can be defined as the local
maxima of Sf(t).

See also Tadmor-Nezzar-Vese [28], Aujol-et al [5], and Vixie-et al [30] for other
notions of global scales. In Section 4, we will provide a discussion comparing our
method with that of Vixie-et al [30].

In this paper, instead of using (7) to analyze the global scales of f, we approach
this problem from an interpolation theory point of view. In Section 4, we will compare
the method using (7) with the proposed method for non-smooth functionals.

We recall the following definition of function spaces and their properties from [6]
and [29]. Let X; and Xy be two Banach spaces that are continuously embedded in
some Hausdorff topological vector space X. If X1 C Xo, then one can take X = Xs.
We say f € X1 + Xy, if

1flx24x, = o {lullx, +llvllx, : f =u+ v} <oo.

For each f € X1 4+ X5 and t > 0, the K-functional and the L-functional are defined
as

K(f,t, X9, X1) = inf  {tflullx, + [[vllx, : f =u+ 0}, (8)
(u,v)EXlxXg

4



and for any fixed 1 < p1,p2 < 00,

— : p p2 . —
Lift X0, X0 = inf el el f = o) (9)

Note that L also depends on p; and po, but for simplicity we remove them from the
variables of L. From now on, p; and py are assumed to be fixed values in [1, 00).
It is easy to see that for each positive ¢, t||u||x, is an equivalent norm in X;. In
other words,
min(t, 1) ull x, < lullx, < max(t, Dllullx,.

This shows that K(f,t, X2, X;) gives an equivalent norm for X; + Xo, for all ¢ > 0.
The limiting spaces coX] + X9 and X; + 00Xy are defined as

00 X1+ Xo = {f € X1+ Xa : [flloox,+x; 7= lim K(f,t, X2, X1) < oo}, and
Xi+o00Xo={fe X1+ Xo:|fllx400x5 := tlgg K(f,t,X1,X2) < oo}

In real interpolation theory, the space co X7 + X5 is known as the Gagliardo completion
of X5 in X7 + X5 with
X9 CooX1 4+ X9 C Xq+ Xo.

Similarly the space X7 + 00Xy is the Gagliardo completion of X; in X7 + X9 with
X1 C Xy +00Xe C X+ Xo.

Note that since
K(fataXbX?) = tK(f: t_17X27 X1)7

the norm in X7 + 00Xy can be written as
1Fllx o0, = lim ¢ K (f,1, Xp, X1).

Next, we would like to recall the real interpolating spaces which will be crucial in
our study of scales. For § € (0,1), the Banach interpolating space (X2, X1)g.00 ([6],
[29]), is defined as

(X, X1)oe = {f € X1+ X [ llgeannn. = sup 1K (o1 X, X1) < oo}. (10)

S
0<t<oo

Equivalently, these interpolating function spaces can be defined in terms of L-functional
defined in (9). Let v € (0,1) and 1 < p < oo be related by

p=7p1+ (1 —7)p2, and 6 = v%- (11)

Then the Banach interpolating space (X2, X1)goo can be defined in terms of the L-
functional as

1/p
(X2, X1)g,00 = {f € X1+ Xo 1 | fll(x2,x1)9.00 = | SUP tvL(fvt,Xz,Xﬁ] < OO} :
0<t<oo
(12)



The Banach spaces (X2, X1)g oo are intermediate spaces between XN Xy and X; + Xo.
In other words, for all 0 < 6 < 1,

X1NXy C (XQ,XI)G,oo C X7+ Xo. (13)
If in addition, X7 C X5, then for all 0 < 61 < 0y < 1,
(X2, X1)01,00 C (X2, X1)8y,00- (14)

The study of selecting the parameters ¢’s in (8) and (9) is amount to finding wu(t)’s
which give an efficient multiscale representation of f. For each f € X; + X5 and
0,7 € (0,1) and ¢t > 0, we define

Kf(t,0) =tCK(f,t). (15)

and

Lf(t,0)=t"L(f,t). (16)

In this paper, we are interested in analyzing the properties of K(¢,0) and L(t,6)
which we claim to contain information about scales. We also introduce a notion of
stability for scales coming from these diffusions.

2 Interpolating scales
When there is no need to address X; and X explicitly, for simplicity, we write
K(f, t) = K(f, t, XQ, Xl), L(f, t) = L(f, t, XQ, Xl), etc.

First we would like to show some basic properties for K(f,t) and L(f,t). The
following Lemma provides some useful regularity properties and its proof is outlined in
[29] and [6]. To make the paper self contained, we provide its proof here.

Lemma 1. For each t > 0, the functional K(f,t) is increasing, continuous, and con-
cave. Moreover, K(f,t) is differentiable almost everywhere, and the points where the

derivative exists satisfies
_AK(£.0) _ K(£.D)
- dt - t
The same results also hold for the L(f,t).

0 . (17)

Proof. Let 0 < t; <ty < oo, and let f = u + v be any decomposition with v € X7 and
v € X5. Then

K(f,t1) < taflullx, + lvllx, < tallullx, + l[ollx,-

Taking the infimum over all decompositions f = u + v, we have

K(f7t1) SK(thQ)a

which shows that K(f,t) is increasing. In particular,

8K (f,t2) < ti[toflullx, + llvllx,] < t2 ftallulx, + [[vllx,] -



Since the decomposition f = u + v is arbitrary, this implies

t K (f t2) < t2K(f,t1). (18)
Hence,

OSK(f,tQ)_K(f,tl)St2t_t1K(f7t1) - K(fati)_tl{(fatl) SK({,tl),
1 2~ U 1

which shows (17) by taking to — t; and replacing t; with ¢. To show the concavity of
K, let t1,to > 0 and t = a1t + aots where ag, a0 >0 and a; +ag = 1. Let f =u+ v
be any decomposition of f with u € X; and v € Xy. Then
arK(f,t1) + aaK(f, 12) < en(taflullx, + llvllx.) + aa(tollullx, + [lv]x,)
= (a1t + aoty)|ullx, + (o1 + a2)lJv]x, = tlullx, + [[vllx,,

which holds for all decompositions f = u + v. Taking the infimum over all decomposi-
tions f = u + v, we have

arK(f,t1) + 2K (f, t2) < K(f,1).

This shows that K is concave. A concave and increasing function must be continuous.
Moreover, a concave function is both left and right differentiable and hence differentiable
almost everywhere. ]

For each f € X1 4+ X9, a direct consequence of Lemma 1 is the following property
for KC(t, 0).

Corollary 1. For each 6 € (0,1), Kf(t,0) (defined in (15)) is continuous and differen-
tiable almost everywhere. Moreover suppose f € (Xa, X1)g00, then at the points where
the derivative exists, we have

‘gtlc(t’ 9>\ <KD < P, (19)

By a change of variable let T =log,t for some a > 1, then we have

0 ; 2
’&K(Tﬁ)’ < Ollfllxa.x1) 0 with € = In(a)

The same results also hold for L(t,0).

Remark 1. Before defining interpolating scales, we would like to make a heuristic remark
on the interpolating space (X2, X1)g,00. Suppose X = BV and Xy = LP, 1 < p < oo.
For the image f in figures 1 and 2, we expect that f € (L, B'V)@O’OO for some 6y close
to 0, which shows that (L, B‘V)go ~ ~ BV. Here we use the notation “~” to mean

“approximating”. On the other hand, for an image f in figures 3 and 4, we expect that
fe(Ly, BV)g1 o for some 6; close to 1, which indicates that (L, BV)g1 0o ~ LP. Thus
the regularity of f determines the parameter 6. Recall we have

. _ _ =0 P
”fH(Lp,BV)gﬁoo igg {K(t, 0) t K(f7t7L 7BV)}>



where K (f,t, LP ,B‘V) is concave and a.e. differentiable. The weighted function ¢t=¢,
for # € (0,1), determines the prominent scale t* = arg max,-, /C(¢,0). Small (large) 0
penalizes large (small) scales less than large (small) 6. Here, we assume that the readers
are familiar with the homogeneous space BV of bounded variation. The norm ||u)| BV
is also known as the total variation of u. We refer to [3] for an in depth discussion of
the space BV and its homogeneous version BV .

From now on, we denote by S f(t,6) either K(t,0) or L(t,60). Suppose f € (X2, X1)g 00
for all # € (0,1). Thus Sf(t,#) is bounded for all # € (0,1). Motivated from the previ-
ous remark, we have the following definition for interpolating scales.

Definition 2. Let X; and X, be Banach spaces. Suppose f € X; + Xo. Let Sf(¢,0)
be K(t,0) defined in (15) (or L(t,6) defined in (16)). For each fixed 6, denote by T g
the set of ¢ > 0 values at which Sf(t,6) is a local maximum (as a function of t).

e The (global) interpolating scales of f are defined as Ty = Ugc(9,1)T'1,0-

e For each t € Ty, we say t is a stable interpolating scale if there exists I C (0,1)
such that [I| > 0 and t € Tyq for all @ € I. Here, |I| denotes the Lebesgue measure
(length) of the set I in R.

e For each t € Ty, denote by Iy, the maximal open subset in (0,1) such that ¢t € T g
for all 0 € Ir,. We say t € Ty is 6-absolutely-stable if [I4| > 6.

o Let 6° =sup{|Is| :t € Tt}. Suppose 6* > 0. Then we say t € T} is d-relatively-
stable if |I4|/0* > 0.

Remark 2. Consider the K-functional given by

Kot I BV = it {dullgy + lolls £ = ut o}
(u,v)eBV X LP

and for all # € (0,1) we have
Sf(t,0) =t K (f t,LP, BV).

We expect that the image f in figure 1 belong to (LP, B.V)g,oo for # small (and hence by
(14) for all # € (0,1)). On the other hand, the image f in figure 3 should only belong to
(LP, B.V)g’oo for 0 close to 1. The regularity of f determines the parameter # which in
turn determines the preference of the interpolating scale t. In other words, if 6 is close
to 1 (or 0), then small (or large) ¢ > 0 is weighted more to be chosen as an interpolating
scale, respectively. Thus, the parameter 6 determines the interpolating scale ¢. Stable
interpolating scales are those that arise from the local maximum of Sf(t,6) for more
than one 6.

When the image f in consideration is clear, we will drop the subscript f. Le.,
we write Iy for Iy;, etc. The following examples provide intuitions and meanings to
interpolating scales coming from different choices of K and L-functionals.



2.1 Examples

Ezample 1. In the first example we would like to show a heuristic approximation to (1)
given by an L-functional. Let {m;} be an increasing sequence of positive integer, and

flz) =32, aimi_l/2 sin(m;z) for z € [0, 27], where Y 2% m#*a? < oo for some large
s > 0. Consider the L-functional given by

L(f,t) = inf {tlully. + ol s f =u+o}, (21)
ucHs

where ||u|]§15 = |(=A)*"2u|2, = ||(|€]*a(€))V(-)||%,. Expressing these norms in Fourier
domain, L(f,t) can be rewritten as

s = i { [ dePpace) + 176 - ] ac}.

uceHs

Note that in this case X; = H*® and X, = L2. For each ¢t > 0, there exists a unique
u(t) € H® that minimizes (21) and u(t) is given by

— 1 A 1 .
uwt)(§) = ——7m S = ———— - f(§)
1+ t|€J?s 1+(ti|§‘)2s
Note that if s > 0 is large, then W can be approximated (=) by a characteristic
1+(¢25 [€])2s
function on the interval [—F?ls,fi].
0 if myt< ot
agmal/2 sin(mox) if my*< ot <mg*
u(t) =
—2s

n -1/2 . . _9g
Yoisgaim; Tsin(mgx) if om <t <my

Let ¢, = Y 1t o m#*a?, coo = limy 00 ¢y, and dy, = Y 50 a?. Note that in this case, we

have p = 2 and v = 6. Therefore,
t=9d, if mgt< ot
tOlteo +di]  if miF< ot <my*
Lf(t,0)=t"L(f.t)~ =
tOlten1 +dy) if mpF< ot <m %

Let ¢, (t) = t%[tc,_1 + dy], then ¢, has exactly one global minima at s, = %j—”

n—1"

The sequence {s,} is decreasing. In particular,

0 d, S 0 dn+1> 0 dpi1

n = 1—0¢p1 " 1—60cpy " 1—6 ¢, = Sntl
Thus, t, = m,2* is a local maxima of Lf(t,0) if and only if 5,11 < m,2* < s,. In
other words,
0 dn—i—l < m;QS < 0 dn )
1-0 Cp, 1-4 Cn—1



Equivalently, 8 € I;, C (0,1) where

I m7—L2an_1 m7_L2SCn
tn — d —2s ) d —2s :
nt Mn""Cho1 dpt1 +Mp""Cp

We have
) Cndn — Cp—1dp1 —2s (Cn 1+ m2sa2)(dn+1 + CL%) — Cp—1dp41
‘Itn| = My ° —2s =my, —2s
(dn—i-l +mn Cn)2 (dn-l—l + mn Cn)2
oM aidy i + ey +m*ah 5 dpy1 +my 250 - a?
o (dn-l—l + mgQSCn)2 o (dn—i-l + my Cn)2 B dn-i—l + mgQSCn
m2$a2
- m%sdn—i—l + an
and misa% - |I | _ m25a2 m23a2
Coo tnl — 2sdn+1 +e, — 25d0

Note that the lower bound 7% gives the relative size of m2%a2 with respect to coo
which depends on both m,, and an. Moreover,

fIZ,.
1< E :’It ‘ < _28)( D ) = (mEQS) ’||f|‘|2 :
L2

(22)

In this example, all scales t,, = m. 2 are stable scales. Suppose a,, = a™ and m,, = b"

for some a € (0,1) and b > 1 such that b°a < 1. Then
(1 _ b23a2)b2sna2n < |Itn| < (1 _ a2)b2sna2n‘
Ezample 2. Consider next the L-functional given by the Rudin-Osher-Fatemi model

[26]

(f,0) (W)EB.MQ{ lull gy + [lo]72} 23)

Let f = 1p, (o). The calculation from [27] shows that

(=Yg, i t<r
“(t)_{ 0 itot>

For all v € (0,1), a simple calculation shows that t* = 27"% < r is the only local

maxima for L(f,t) = t~7L(f,t). Moreover, Ty = (0,7) and none of the interpolating
scales in Ty are stable. This example shows that the L-functional (23) fails to see r as
a stable interpolating scale.

Ezample 3. Consider the K-functional given by [9]

K(f,t) = inf thwl| o + |l w0l o
(f:1) (M)eB.VxLI{H gy + vl f ! ”
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Let f = 1p, (), where B,(p) denotes the ball of radius 7 centered at p € R2. Let
(u(t),v(t) = f —u(t)) € BV x L' such that

K(f,t) = tlu@®)l gy + vl

Then the calculation from [9] gives

ff it t< fomrt if t<
“(t)_{o if s = KEO="5 4 o

NSN3
IS o)

For 6 € (0,1), we have

C femrttt i t< OKf(t,0) [(1—0)2rrt= 0 >0 if t<
’Cf(t’e)_{mﬁte it t>2 7 ot | —omtl<o if t>

This implies that, for all 6 € (0,1), t* = § is the only local maxima for Kf(-,6), and
It~ = (0,1). In this case t* is the only stable scale.

Suppose next f = 1g, () Where Q,(p) is the square centered at p € R? with side
lengths r. Let 6* = 280‘:637; ~ 0.9125. A simple calculation shows that t* = 7 is
the only local maxima for Kf(¢,0) for all 8 € I;» = (0,6*), and for each 6 € (6*,1),
t = m is the only local maxima for Kf(t,6). Note that t* = & is the only
stable scale.

NI o)1=

Ezample 4. In this example, we consider again the K-functional given by (24). Let {ry}
be a decreasing sequence of nonnegative real numbers such that » 7> 7 < 0o, and let
=1 1p, (p)- We assume that [py — p;[ > 1if j # k. Let

n oo
Cp = 27 g Tk, Coo = lim ¢,, and d, =7 E ri.
n—oo
k=0 k=n

We have
=0y if <t<oo
tOftco+di] if T <t<Z

Kf(t,0) = (25)

70 [ten—1 + dn] if T <t < o

Following the same arguments as in example 1, we obtain that ¢,, = % is a local maxima

of Kf(t,0) for all 8 € I;, where

_ (Tn/2)cn—1 (rn/2)cn
fn = (dn + (rn/2)cn—1 dny1 + (Tn/2)cn>

We have
I, | = ™ 2123 + mrien_1 4 2mrpdnga - dpt1+ (rn/2)cn
n 2 (dns1 + (TN/2)CR)2 "(dny1 + (7“71/2)‘371)2 (26)
wr2 21y,

dnt1+ (rn/2)en ~ Coo

11



Again, the lower bound 277, /cs measures the relative size of 277, with respect to coo.
Also,

I | = 777‘,% _ 27y, 27y,
o dnt1+ (10 /2)en 2dpy1/Tn +en T (Q/To)do'
Moreover,
1< L | < (=)(—) =(= , 27
21l < ()G =

which agrees with (22). Note that all scales ¢, = %+ are stable scales. Denote by

K' (f,t) and K’ (f,t) the left and right derivative of K(f,t) at t. Then at t,, = 3+, we
have

K' (fity) = cn > cno1 = K\ (f,ty).
This implies
K’_(f, tn) — Kg_(f, tn) = Cp — Cn—1 = 271y,

We see that in this case

tn
I, =
" K (tn)

where K (t,) = tncn+dny1 = tncn—1+dy,. In this example, suppose r, = a™, 0 < a < 1.
Then

[Kl(f, tn) - K;(fa tn)]v (28)

(1-a)a" < |L,| < (1 —a?)a"
which shows that |I;, | decays exponentially.
Ezample 5. In this example, we extend example 4 by considering f = > 77 axl Br, (pk)

where a;, > 0 and the sequence {ry} is decreasing such that > 72 j apry < 0o. Let

n o0
Ccp =27 E apTr, Coo = lim ¢,, and d, == g akr,%.
n—o0
k=0 k=n

Follow the same calculation as in example 4, one obtains that t,, = % € T for all n

and
_ (rn/2)cn—1 (rn/2)cn,
It" a (dn + (T'n/z)cn_1’ dn-l—l + (T‘n/2)cn> ’

and )
TanTs,

dn+1 + (Tn/Q)Cn .
Remark 3. Following example 4, suppose f = xp, (po) + XB,, (p1) with ro > r1 and
|po — p1| >> 1. With the notation that c_; = 0 and dy = 0, we have

2

T ror1
L= (0,20 ) and 1, = (9" _ 1)
fo < 7“84-7“%) anc i <r07‘1+r% )

Suppose g is fixed.

|11, | =

1. Letting 7 — 0 implies |I,| — 0 and |[;,| — 1. This shows that the scale ¢ is
more prominent than #;.

2. Letting r1 — 7o implies |It,| — 1/2 and |I;,| — 1/2. This shows that both scales
ro and r1 are equally prominent.

12



2.2 Properties of interpolating scales

Let the dilating operator be defined as dsf(x) = f(dz) for 6 > 0. Suppose || - ||x, and
|| - || x, are homogenous of degree s; and sg respectively. In other words,

10591l x, = 6> [lgllx,, and [[dsgllx, = 679l x. (29)

Suppose also that Sf(t,0) = t~K(f,t), where K(f,t) is defined in (8). Then we have
K(dsf,t) = 62K (f,t6°17°2),

which implies
S(dsf)(t,0) = §91+(1=0)s25 r(g551=52 ),

In particular,

S(dsf)(t,0) = 817 (=0D=g ¢ (1 9),

where ' = t6°2751, This shows that the interpolating scales satisfies the dilating consis-
tency property, and we can relate the scales of dsf with the scales of f. Moreover, the
stability of scales are invariant under dilation. In particular, suppose Sf(t,6) is given
by a K-functional satisfying the homogeneous property (29). Then the interpolating
scales of dsf is given by

Tsp = {1/ = 167 1t € Ty}
Moreover,
Logpp = Ipy, ¥t € Ty and t' = 0% € Ty,

Moreover, if s; = sg, then ¢ = ¢ which shows that interpolating scales are invariant
under dilations.
The same result also holds if Sf is given by an L-functional.

Remark 4. Suppose we are in R™:

e For the functional L(f,t, L? H*) given by (21) with p; = py = 2, s1 = —n + 2s

and sy = —n.
e For the functional L(f,t,LQ,B.V) with py = 1 and ps = 2, sy = —n+ 1 and
So = —n.

e For the functional K (f,t, L', BV) given by (24), s; = —n + 1 and sy = —n.

e For the K-functional K(f,t,L? BV), s; = —n+1 and so = —n/2. If n. = 2 (i.e.
in R?), then 51 = s9 = —1. This shows that the interpolating scales of f with
respect to K(f,t,L?, BV) are invariant under dilation.

Examples 1, 3 and 4 show that the set Iy, for each t € T is a subinterval in (0, 1).
The following result indeed shows that in general I, is a subinterval in (0,1).

Proposition 1. Let t € T§(01) NT¢(02), for some 0 < 61 < 0o < 1. Thent € T¢(0) for
all 0 € (61,02). In other words, Iy is a subinterval in (0,1).

13



Proof. t being a local maxima for both Sf(t,0;) and Sf(t,62) implies there exists a
small € > 0 such that Sf(¢,0;) > Sf(¢,0;), for all t € (t —¢,t+¢), for i = 1,2. We have
for all t € (¢, +¢€),

Sf(t,0) =t011Sf(t,0)) >t 08 f(t,6,) = Sf(t,0),
since t~0%91 is strictly decreasing. Similarly, for all t € (£ — ¢, 1),
SF(E0) =T F®=Sf(T,00) >t 74025 f(t,02) = Sf(t,0),
since t~9%%2 is strictly increasing. Hence, £ is a local maxima of Sf(t,#). O

Suppose € Ty, and K(f,-) is differentiable at £. Then for some 6 € (0, 1), we have

— 9 i) __77571 —0 71 *_—K,(fvf)
O—an(t,e)— ot K(f7{)+t K(‘ﬂ{),:e_tK(f,aj

which is uniquely determined by ¢. In other words, if K'(f,-) is differentiable at #, then
Iy; = {0}. Since for a fixed 0, Sf(-,0) is differentiable almost everywhere, we have that
|14+ = 0 for almost every ¢t € Ty. Thus the following result holds.

Proposition 2. For each t € Ty, either Iy, is an interval in (0,1) or Iy, consists of a
single point. Moreover, for almost every t € Ty, |I;4| = 0.

In examples 1 and 2 we see that each 0, Sf(t,0) is differentiable for all ¢. Thus,
Ity =0 for all ¢ > 0. From (28), we see that the length of the interval I, is directly
related to the left and the right derivative of K at t. Denote by K’ (f,t) and K/ (f,t)
the left and right derivatives of K(f,t) at t respectively. Then the following result
holds.

Proposition 3. For allt € Ty, we have

t
Proof. By Proposition 2, we may assume K’ (f,t) > K/ (f,t). We have
SF(t,0) = -0t ' K(f,t) +t 'K (f,it) >0 <= 6< ! K' (f.1).
K(f1)
Similarly,
t
SFLt0)=—0t " TK(f, 1)+t K (f,1) <0 < 0> R t)K;(f,t).
Thus, 0 € Iy, if and only if
L K(f0) <8< ———K'(f,1)
K(ft) 07 K(f.t) — 7
which shows (30). O
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Remark 5. The previous Proposition shows that the stability of the scale ¢ is given by
the jump in the derivatives of K(f,t) at t weighted by t/K(f,t). Suppose t; < to are
two interpolating scales such that

K' (f,t1) = K\ (f, t1) = KL(f,t2) — K/ (f,t2). (31)

By (18), we have
t1 < 2
K(f7t1) N K(fth)
This implies that the scale ¢ is more stable than ¢; even though (31) holds.

Recall that we have

K(f,t)=K(f,t,X2,X;) = inf {tllullx, + llvllx, : f=u+v}.
(u,v)EXlxXQ

Suppose f € Xo. Take u =0 and v = f, then
K(fvt) < ”fHX27 for all £ > 0.

On the other hand suppose f € X;. Let w = f and v = 0, then for all ¢ > 0,

UK (f,1) < [Ifllx,-

In particular,
: R |
Jim K(£,6) < [fllx, and lim 67K (£6) < ]

For example if we take X; = L> and X3 = L', then it has been shown (see [6], Chapter
5, Theorem 1.6) that coL>® + L' = L' and L™ + coL! = L> with the same norms. In
other words,

1 looroesrr = Jim K(f,t) =|fllpr, and [|f|poeioors = lim ¢ K (f,1) = || f]| o
—00 t—0t+

Thus it is possible that K(f,t) is unbounded, i.e. lim; o K(f,t) = oo in which
case f ¢ L'. Similarly, if f ¢ L°, then lim;_0t 'K (f,t) = co. In this case, we have
feL®+ LY but f¢ L>® and f ¢ L.

Next, we would like to know what structure there is on the sets Iy;, in particular
if there is a bound on how many of them there are of length greater than some fixed
0 > 0. The following example shows that if K(f,t) can be an arbitrary increasing
concave function then no such bound exists. We take K (f,t) to be a piecewise linear
approximation to a power function with exponent less than 1. Specifically, take A >
B > 1 and by Proposition 3, let K(f,t) be piecewise linear with vertices (t;, K;) for all
J € Z such that

‘I ‘:tij Kj—Kj_l_Kj_H—Kj :B—l é—l
Fts Kj ti —t;1 tiv1 — 1 A—-1\B '

Hence it is evident that for any fixed § > 0, we can choose A > B > 1 such that there
are infinitely many I, of length greater than d. In this example, K(f,t) is unbounded
and has unbounded right derivative at 0.

15



Next, let us note that %ft) is decreasing in ¢ and bounded below by K(f,1) when
t € (0,1) and thus on this interval

t -1
7 SEGD T e ),
This gives .
[Lpel < m(K'_(f’ t) — K\ (f,1)). (32)

If lim, o+ K'(f,t) is bounded (which is the case when f € X;), then equation (32)
implies the summability of the lengths of the I, over the scales ¢ € (0, 1) since the sum
is telescoping. For the scales ¢ > 1, we instead use the fact that K(f,t) is increasing

and the fact that ’

K(f.1)
However, when examining the graph of K(f,t), it is easy to see that t(K’ (f,t) —
K’ (f,t)) is the interval subtended on the vertical axis by the left and right tangent
lines at ¢t. Concavity implies that these intervals are disjoint for distinct values of t,
and their union is contained in the range of K(f,t). In particular if K(f,t) is bounded
(which is the case when f € X») then the lengths of Iy over the scales t > 1 are
summable. Combining this with the previous result, we see that if K(f,t) is bounded
and has bounded right derivative at 0, then the lengths of Iy; are summable over all
scales. Thus we have the following Lemma.

[p4] <

(KL(f.t) = K (f.1)).

Lemma 2. Suppose lim; oo K(f,t) < 0o and lim,_,q+ t LK (f,t) < co. In other words,
suppose f € (00X 4+ X2) N (X1 + 00X2). Then

Z ’If,t’ < 00.

teTy
A direct consequence of Lemma 2 is the following result.

Corollary 2. Suppose f € X1 N Xa. Then

Z |If7t| < oQ.

tETf

A stronger estimate for K(f,t) as t — oo is as follows. Suppose X7 is continuously
embedded in Xs. In other words, there exists C' > 0 such that |ju||x, < Cllul|x, for all
u € X;. Then for all t > C, we have K(f,t) = ||f|lx,, assuming f € X5. Indeed, let
f = u+ v be any decomposition, then

t
tlullx, + llvllxe = Fllullx, +lvllx, 2 llullxe +llvlxe 2 [ fllx..

Taking the infimum over all decompositions, we have K(f,t) > ||f||x,, but u = 0 and
v = f is one valid decomposition. This implies,

K(f,t) = | fllx,, for all t > C.

Thus, we have the following result.
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Corollary 3. Suppose X1 is continuously embedded in Xz, and let C' be the smallest
constant such that
lullx, < C|lu|lx,, for allu e X.

Let f € Xo. Then for allt > C, K(f,t) = ||fllx,. The decomposition v =0 and v = f
minimaizes
J(u,t) = tlulx, + [lv]x.-
Remark 6. In R™. Define . '
o ifp=n
with 1* = oo if n = 1 and "5 otherwise. Let 2 C R" be a bounded with Lipschitz

boundary. Poincaré Inequalities imply that BV (Q) is continuously embedded in LP(Q),
for all 1 < p < 1*. In other words, there exists a constant C' = C(p, ) such that

|u —uql|Lr(o) < CHuHB-V(Q), for all u € BV(Q), 1 <p < 1*.

Let f € LP((2) and consider the K-functional K (f,t) = K(f,t, BV(Q),LP),1<p<1*
Give any decomposition f =u+ v € BV (Q) + LP(Q2) we have

t
tlull gy + Ivllze) = tlu —vall gy oy + 10llr@) = Sllullr@) + vlize@)
(©) (©) &
> |Jullr) + [vllize) = I1f e

Thus for all t > C, K(f,t) = ||f|lze-

We have seen that if lim;_,oo K(f,t) = K(f,00) < 0o (l.e if f € 00X + X3), then
for any fixed tg > 0, the lengths of the intervals Iy;, ¢ € Ty and t > tg, are always
summable. In particular,

> gl € K(f,00) = K(f to).

teTy ,t>to

Also, if lim,_,o+ t 71K (f,t) < oo (i.e. f € Xj + 00X3) , then the summability of the
lengths of the intervals Iy, for t € Iy and 0 < t < g, are ensured. However, the
boundedness of lim, o+ t"'K(f,t) is not necessary. In other words, there are cases
where lim,_,q+ t 'K (f,t) = co and

D Mgl < oo (33)
teTy t<to

Indeed, suppose f € X3\ X7 and X1 C X3 such that

inf ||f — — . 4
Jnf If—ullx,=v>0 (34)

For instance, X5 is a finite dimensional vector space of dimension m and X is any sub-
space of Xy with dimension £ < m. For each t > 0, let f = u+ v be any decomposition
of f. Then we have

tlullx, + llvllx, = lollx, = 1f = ullx, = .

17



Taking the infimum over all decompositions of f, we have K(f,t) > ~. Using the fact
that t(K’ (f,t) — K (f,t)) is the interval subtended on the vertical axis by the left and
right tangent lines at ¢, we have that (33) holds. In particular,

STl < K (f,t0) — . (35)

teTy t<tg

The thresholding parameter § as an interpolating scale: Fix f and define
s: Rt — RT by s(t) = |Iy]. For each A > 0 denote

Dy={t>0:s(t) > A}

From (30) and the fact that K(f,t) is concave, we have D) is a finite set, i.e. #D) < oc.
Consider pus and s* defined as

ps(A) = #Dy, for all A > 0,

and
s*(0) = inf .
HS()‘)SCS

Let ds(t) be defined as

ds(t) = {5;‘((t5>) if s(t) > s*(9),

otherwise.

Equipped ! and I* on RT with the discrete measure, then ds(t) is the minimizer for
the variational problem

K (5,8,01,0) = inf {8l + [ls — dlln}. (36)

Thus, the thresholding parameter § can be viewed as an interpolating scale with respect
to the K-functional K (s,d,1!,1°°). Thus, J can also be automated.

3 Numerical results

In this section, we provide some numerical results on the interpolating scales with
respect to the following functional:

K ,t = inf tllull o =+ o ' .
(f ) (U»U)EB.VXLI{ H HBV H ”Ll} ( )

As seen from Example 4, K(f,t) is localized in the spacial domain. This functional
K(f,t) was proposed by Nikolova in [24] as a discrete model to remove outliners and
impulse noise. This functional was also proposed in [10] as an REU Summer project.
Chan-Esedoglu [9] further analyzed K(f,t) as a continuous model and studied the
case where f = xq, for some 2 C R”. They also showed that for each ¢ > 0, there
exists a minimizer u(t) that is also a characteristic function. Allard in [1] and [2]
provided further analysis of K(f,t) and computed exact minimizers for a certain class
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Figure 1: In this figure, f is a characteristic function of a circle. Sf(t,0) = tK(f,t)
with @ = 0.5. |[;]|/6* shows the length of the intervals for the d-relatively-stable scales with
0 = 0.025. In this case, there is only one J-relatively-stable scale.

of characteristic functions. See also Morgan-Vixie [23], Duval-Aujol [11] and references
there in for further analysis of the functional K(f,t). Recently there are fast numerical
methods for computing functional involving the total variation [12], [8], [13]. For the
numerical results shown below, we use the algorithm from [12] for computing minimizers
in (37). The software can be downloaded through http://www.wotaoyin.com/

Based on the result from Corollary 1, the Sf function is discretize uniformly with
respect to (7,6), where 7 = log, t with a = 1.02. More specifically, let

D, — {tk:ak:k:—50,--- ,250,&:1.02}, and

Dy = {Gj:jAH:A0:0.005,j:1,~- ,1—A0}.
A

Then Sf is computed discrete on Dy x Dy.

Figure 1 shows indeed there is only one stable scale, which agrees with example 3.

Figure 2 shows the interpolating scales for the beetle image. The plot of I;/d*
shows that the most stable and localized scale in this image is ¢; with & = 153 which
corresponds to the body of the beetle. The scale ¢, with k£ = 72, which corresponds to
beetle’s legs, is not very well localized. There seems to be a mixture of scales ranging
from k = 62 to k = 82 for the beetle’s legs. See the caption in figure 2 for further
explanations.

Figures 3-4 show the case for texture decompositions. In this case, the prominent
stable scale most occur at small t;’s.

4 Discussion

From Proposition 3, we see that t* is a stable scale if and only if there is a jump in the
derivative of K(f,t) at t*. This shows that the 4K (f,t) is non-smooth in ¢. The set
of stable interpolating scales can be used as a tool to determine the non-smoothness of
K.
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),k=34 ),k=62 ),k=T2

Figure 2: In this figure, f is a characteristic function of the beetle. Sf(t,0) = t K (f,t) with
6 = 0.5 which shows there are two local maximas. |I;|/6* shows the length of the intervals for
the d-relatively-stable scales with 6 = 0.025,0.225. In this case, we see that there are three
cluster of scales, which occur at t;’s with k = 34,72,153. The cluster of scales at k = 72
contains a mixture of scales ranging from k& = 62 to k = 82.
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Sf |I+]/6*>6,6=0.025 |I+|/6*>6,6=0.225
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Figure 3: In this figure, Sf(¢,0) = t °K(f,t) with § = 0.5 which shows there are two local
maxima. |[;|/0* shows the length of the intervals for the d-relatively-stable scales. In this
case, we see that there are a few clusters of scales, which occur at ¢;’s with k = —32, —5,25.
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Figure 4: In this figure, Sf(t,0) = t °K(f,t) with = 0.5 which shows there is one local
maxima. |[;|/0* shows the length of the intervals for the d-relatively-stable scales. The most
stable cluster of scales ranging from t¢;’s with k = —12 to kK = 0. Another cluster of stable
scales ranging from k = 23 to k = 39.
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Next, we would like to discuss another approach for selecting the (global) scale
parameter ¢ in (8) (or (9)), which is related to the local scale method described in [16].
For each ¢ > 0, let u(t) € X; such that

K(f,t) = tlu(®)|[x, + [[f — u(®)] x-

To study local scales of f, we consider [16],

ou
Sf(t,z) = ta(t,x).
The local scales of f at = are then defined as local maxima of [Sf(-,x)|. As for the
global scale, one can consider Sf(t) =t H%(t)” x,- The global scales are defined as
local maxima of [Sf(-)|. If we go back to example 3, then Sf(t) = —t277d, /5(t), which
shows that t = r/2 is the only local maxima and |Sf(r/2)| = 7r? provides a notion of
visibility (stability) of the scale t = /2. In example 4, we have

0 if =

o <t < oo,
1g, () i 5 <t<7F,
u(t) — c.
1 St

Thus, Sf(t) = =t Y2270y, j2(t), which shows that the only local maxima for | S f|
are /2, and

[SF(ra/2)| =70 = ZHKL(F,ra/2) = K} (F.ra/2)]

A related discussion of global scales is proposed by Vixie-et al [30], where the authors
consider Sf(t) = % [lw(®)|lgy/]- In This case,

|Sf(rn/2)] = 2mry = K’ (f,m/2) = K\ (f,70/2).

For instance, if one considers

_ 21ry, _ Tn
" ||f”BV Zzo:o Tk

as a measure of stability for the scale t,, = /2, then as shown in example 4, |I;, | > J;,.
An example of a K-functional: Suppose f € L'(R") 4+ L>®(R"). For each A > 0
and t > 0, define

Ji

prA) =[{z € R" : [f(z)| > A},
and

*(t) = inf M.
I® pr(A)<t

For each t > 0 and x € R", define
u(t,x) = min{|f(z)[, f*(¢)} - sgn(f(z)), and
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v(t, ) = f(x) — ult, z) = max{[f(x)] = [*(1),0} - sgn(f(2)).

Then one has ([6])

tllu(t, Yo + ot ) = K(f,t, L', L)

Moreover,

K(ft,L',1>) = /t f*(s) ds.
0

The same also holds if the Lesbegue spaces L' and L> are replaced by I' and [,
respectively, with the discrete measure.

Acknowledgement: T.M.L. is very grateful for the supports from NSF DMS

0809270 and ONR N000140910108.
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